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p.to1.) (d) Use Cauchy - Riemann equations to show fcz ) = e'  '

e-
 IT

is not differentiable anywhere .

f(z)=e×eis= excess y - c
'

e'  '

sing
let ulx.gl =e× cosy ,

VCX , g) = - ex sing
then U×=  ex cosy , ay =

- ex sing
V×= - e

"

sing ,

Vy = - excess y

If Ux -

- Vy and ay =
- Ux ,

then

cosy = - cosy and - sing = sing
⇒ cosy = O and sing -

. O

⇒ y = ( 2kt and y = me for some kin Ed
.

Thus y is both an even and odd multiple of it
,

which is not possible .

Thus the Cauchy - Riemann equations are

not satisfied at  anypoints .

3.) Determine where f Yz) exists and find its value when

(a) f # = If (b) flzt-x.li y
'

Cc) ffz ) = Zlmz

Cal ¥ -
- ¥.

-

5- ¥5 - Ingi
First note that fled is undefined

. thus f
' to)

does not  exist .
Now supposez # O

.

-



let ulx.gl -_ ¥ ,
and

vcxuyk-E.gr
.

then ux= . ay -
- -7.7¥,

.ve?IIgp.u5--EI#tp
and so Ux -

- Vy and uy= - Vx

Moreover , Ux
, hey ,

Vx
, Vy all exist  everywhere except Cop)

and are continuous everywhere except ( o.o ) .

Thus
,

f
' H exists for all z ¥ O and

flat . uxtivx-Y.tn#ptiz*yF--iiiii--aIiIi-¥
(b) flat -

- x' tiy
'

Let away )=x
' and vcx.gl -

- y
'

Then Ux -

- 2x
, Uy

-
- O

,
4=0 , Vy=2y

If x # y ,
then Ux 't Vy .

Thus f  is not differentiable when xty .

If x=y ,
then Ux =

Uy and
uy=

- Ux .

Moreover the partial derivatives exist and are

continuous everywhere .
Thus Ftz ) exists

whenever x=y and fIzI=u×iiv*= 2x

① fH=zImz=Xtiy)y= xytiy
'

Let ulxiy ) -

- Xy , day ) -
- y

'

Then Ux - y , Uy
-

- x ,
V×=O , Vy -

- Zy
If x # O or y # O

,
then the Cauchy - Riemann

equations are not satisfied . this f  is not differentiable

when 2--1-0 .

when 7=0
,

then X=y=O and so Ux=Vy , Uy= - Vx .

Moreover
, Ux , Uy , Vx , Uy exist near Co,

o ) and are continuous afloat .

thus ft Co) exists and ft lol = Uxloioltik ,
lad = O .



4.) Ca ) Use polar coordinates to show f I ⇒ = # C Eto ) is

differentiable and find f
' H

.

f fzl = ¥ = ¥ e-
 "

= faces C 407 - rt , sin Hot

Let Ucr ,
ol = faces C tot

,
ulna ) =

- try Sinko )

Trai .

Ur =
-

445140L , uo=4sin , Vr=4sirf ,
Vo.

= - 4%440-4

these exist and are continuous everywhere except 2--0
.

Moreover
,

run -
- Vo and U = - rvr

Thus f ' CZ) exists for all 2-  to and

f ' # =  e-
 iocurtivr ) = e-iof-ycosf.io#ti(4syfII))

= - 4e- ( cos 40 - ism 40 ) = - e-
 i40

=
- yeiso

Ts

=

s
=

-

¥

pity
1.)(a) Show that fH=3xtytiC3y - x ) is entire

let u hay )=3Xty ,
VC x. g) =3 y

- X

Then Ux =3
, 45-1 , 4=-1

, Vy =3

Since Ux -
- Vy and My

-

-
- Vx  at all points

and Ux
, Vx , Uy , Vy exist and are continuous everywhere ,

f is differentiable everywhere

Thus f  is entire .



2.) Cal Show that f H = Xytiy is nowhere analytic

Let ucx.gl .  - Xy and vcx . g) = g .

then U×=y , Uy
-

- X
,

4=0 , Vy =/

If ( x. y ) ¥ ( 0,1 ) , -
then the Candy - Riemann

equations are  not satisfied
,

thus FEE) does

not exist when 2-  

ti
.

Thurs f  is not analytic whenzti
Since Ux , Uy , Vx

, Vy exist near Co , I) and are  continuous

at Co
, I) . f

' ( it exists ,

However
,

f  is netanalytic at i since

f-  is not differentiable at all points near i

7.) Let f be analytic everywhere in a domain D
.

Prove that if fth EIR for all ZED
,

then fth is

constant throughout D
.

Since fth EIR
, flzt-ulx.ytivcx.gl ,

where Vcxiy )=O
.

Since f ' th exists everywhere ,
the Candy - Riemann

equations are satisfied '

. U×=Vy=O , Uy
-

- -4=0 .

and f
'

Cz) = Uxtivx = O everywhereon
D .

thus f is constant  on D .

p .
95

how that log lit 't Zlogli ) on the branch log z= lnrti -0

.

( r > O
, 3¥ cos "¥)

log C it = logcl ) = In It  its A =3 it i

210g lil = 2 ( Int t i SIE) = Siti
Thus log Lit  =3 # i # 5ti= 21 o gli) on this branch



pilot
:

1.) Show that

dads
in ⇒ = cost and

dz¥coszI=
- sine

¥zCscnzk adz (
Z

) = ieie = =  cos z

Idf ( cos z ) = Iz (
it )= ie = - eiZ⇒= - sine

Addition Problems
-

"

"
Ease:÷÷TL÷÷:E¥

lines are parallel ,
have

the same length ,
r

,
and

intersect the real axisatthe same angle ,
0

In the other quadrants,
wehavesimilar pictures

•" ¥¥¥¥
• •

£9•

z

Z - I Z



(b) As Z approaches B from above the %f¥real axis
,

O  → it

As z approaches B from below the ¥7red axis ,
0--3 - e

z

(c) Since F Cz ) = lnlz - Ht if → lnlz - II tie as z  → B from above

and Fft ) → lnlz - It - it as z→ B from below
,

Fis not continuous on B
.

(d) F ⑦= In rt  if
,

where - Eeoc it
,

r 's O
.

let air ,
e) = Inr

,
Vcr

,
0-1=0 .

Then Ure t , Ho = O
, Vr -

- O
, Vo -

- I

Thus
run -

- I -

- Vo and Uo=O= - run

Moreover
, since Ur

,
do ,

Ur
, Vo exist and are

continuous everywhere on U
,

F is differentiable

everywhere on I .

Thus F  is analytic  on U
.

(e) Since F  is analytic on U
,

Fisa branch of F
.

Since B is a curve in① and F is a branch

on E- B
,

B is a branch cut
, by definition .

Since f  is undefined at z= I
,

2-  =L is in every branch cut  off .

Thus E- I is a branch point .



An attempt "

L=f .

-

2.) (a)

¥a
Z

(b) A 2-  → B from above ,
-0

,
→ O and Oz -3 TL ⇒ 0

,
- Oz → it

Ass
2-  → B from below

,
O

,
-70 and 0-2-0 - it  ⇒ Q - Oz → - it

As Z  → B
' from above or below

,
O

,
-00 and 0-2-70 ⇒ O , -02-30

As 2-  → B
" from above or below

, ⑦ → E and Est  ⇒ O
, -0-2-20

(c) Since Glzl → In Iz - il tie as z  → B from above

and a # → In Iz - it - ie as Z  → B from below
,

G is not continuous on B
.

(e)No way .


