
Homework 6 Solutions
-

palsy
1.) Apply Cauchy - bows at to show SfC⇒dz=O when

C is the unit circle and

(a) fczt = Z¥z Cb) f # = Ze
- Z

cc ) feel = z¥zIz

(a) fleet = ¥33 is analytic everywhere except z  =-3
.

Since C does not enclose or q#pass through 2-  =-3
,

f- is analytic  at all points on Cord

enclosed by C
. thus

by Cauchy - Gow sat
, {¥→dz=O

(b) fcztze - Z
is analytic on E

Thus
,

f  is analyte at all points on C and
enclosed by C . thus

by Cauchy - Gow sat
, faze- Zdz  = O

(c) f # = z¥z+z is analytic every where

except when 2-2+27+2=0
⇒ z=

- I ti

Since C does not enclose or
- Iti

pass through - Iti
,

•

f- is analytic at all points #on C and enclosed by C
.

. c

thus Sczztzzzdz  =D .

- ti



2.) Let C , and Cr beltre square

÷÷÷:÷:÷::* .

when
(a) Hz ) = ¥ ,

(b) flat = Zgtfzz,

(a) f # = ¥ ,
is analytic at all points except

when 32-71=0 ⇒ z= terzi

Since ItFyi I a I

, terzi are not in the region
between C , and Cz I including G I Cd

,

f- is analytic on Cc
, Cz and the region .

thus 5,3¥ ,
dz -

- Sa # ,
de

(b) flzt-E.tn#g is analytic everywhere except
at ⇐

2Mt

,
n E I

Since these points do not lie in the region
between C

, and a or on C , orca ,

f- is analytic at all points on C
,

and a
and between C ,

and Cz .

Hms So ,E⇒dz=SaE⇒dz



7.) Show that if C is a positively oriented simple closed
contour

,
then the area of the region

enclosed by C is z÷ So Edz

let R be the region enclosed by C
.

First
,

we  can write fczl = E = X - i y .
So ulx . g) = x

, vcxiyk -

y .

By formula (4) on page 149
,

{ I de  =

§ I - v× - uyld A  

tiff
Lux - Vy) DA

=

Sfa od At I - th IA  =iS{IdA
Thus

z÷
SIDE  = z÷iff2dA= Sf Id A = Area of R

.

R

C zi

petty a

" hotfhekthegupanietnelydeg.iq#dbomdoy-z/I-/
Evaluate : - zi

cats de ⑥ So IIIT de Cd LEFT
(d) Sc Fff de le) So FIGHT de C - 2 . x.az )

- Xo



(a) let fate ? Then f  is analytic everywhere .

Since Ei is enclosed by C
, by the

Cauchy integral formula
,

££I÷ dz  = Zeifl Ei ) = Ziti e-
 Ei

= 2e

(b) Let fcz ) = FEET .

Then f  is analytic everywhere except
E-  tri

.

Since these points are not  on  or  interior to C
,

and since 2--0 is inferior to C
, by Gnchy Integral formula

,

So Eo¥# ,
de  = Ziti f lol = Zee (E) =

I II

⑥ let fcz ) = ¥ . Then f  is analytic inside and on C

Since Z  = -

' k is enclosed by C
, by the Candy

Integral formula ,

£ E¥⇒dz  = 2e  if I - Yz) = - ti

(d) let fcz ) = cosh z . Then f  is analytic inside and on C

Since Z  = O is enclosed by C
, by the Candy

Integral derivative formula

£ dz  =2÷if' ' '

( o) = itzisinhlo) = O
2-4

He
) let fcz ) = tan CEI . then f  is analytic inside and on C

Since Z  = Xo is enclosed by C
, by the Candy

Integral derivative formula

£ toned dz  =2y f
'

Ixd = Ziti ( Eset #D=Ei see¥1
( Z - Xo )

'



2.) Let C be the circle IZ - i 1=2 oriented positively .

a

EY{¥,
de lb'S

.
z¥idZ

(a) Let ffzl = ¥2 .
. then f is analytic

←  i

everywhere except z  = - Zi
.

Since  - Zi is not enclosed by C or  on C
,

f- is analytic on C and in C
.

Arms

So

¥*dZ=£¥F

dz  = 2e  if Gil = it

(b) Let ffzt = z¥p .
Then f is analytic on C

and inside C since
- Zi is not inside or  on C

.

thus

£ zz¥,dZ= So ¥Idz=2eifY2il=2ti(j÷⇒
= Ziti ( ⇒ ⇐  I

-64 16

3.) let C be the circle tEk3 oriented

positively .
Let gczt = So 252€ Iz ( iz # 3)

Show that gtd=8ti . What is glz) when 1h23 ?

let

Had
= 25 - s -2 . Since f is analytic on Cl and 2 is

enclosed by C
, by the Cauchy Integral formula

,

gtd -
- So25÷zds=Leif121=2 til 2127-2-4=8 ti



If 12-1>3
,

then the function hlsk 257€ is

analytic on and inside of C .

Thus by the Cauchy - Gomsat theorem
, gfzt-S.ws#ds=O

4.) let C be any positively oriented simple closed
contour and let

g C z ) - S
,

937¥ Is .

Show that g ( z ) = { Gio
 iz if Z  is  inside C

if Z  is outside of C

If Z  is inside C
, let fH=5t2s . then f  is analytic

on ① and so by the Cauchy Integral Derivative formula
,

gczt-S.gs?zpsds--2EifYzI--iti(6zI--6ieiz
If z is outside C

,
then is analyte on L

and inside C . thus by
the Cauchy - a onset theorem

, glzt-f.FI#pds-- O
.

5.) Show that if f  is analytic on and within  a simple closed
contour C and to is not  on C

,
then

fcfzadz=g¥I↳dz
Since f is analytic on and inside C

, so  is f
'

.

By the Cauchy Integral formula & derivative formula
,

S
,

f¥de -

- 2x  iflzd and f
' Hot = ¥ifef¥¥,

.dz

Thus S.EE#dz--ScfI?a.dz-



171391
.) Show /fcZz'dzf E 6¥ where C is the arc  of

Izl -2 from 2 to Zi in the 1st quadrant .

Since Z  is on C
,

12-1=2 .

inns
' ¥I't:'¥¥Y . a zit

⇒TEETHEMoreover
, length Cd 2¥21 -

- it

Hms /ScE dzf E Gbnglhcd -

6¥
2.) Let C bethe line segment from ito I

show that IS .dz#lE4E iµ
Since Z is on C

,
IZI is

1-
minimized at the midpoint of C

,

'

namely tzttzi . Tues on C
, 1217¥

Hms ¥1 -
- ¥ ,

E 4
.

Now the length of C is Ii - it -_f¥=fz

thus Is .dz#Ie452



4.) let Cr be the upper half of IZKR ( R > 2)
Show

I Sa ¥¥y def e ERC2R
CRZIKRZ - 4)

Then show §
.

¥¥⇒+,
→ o as R→A

Since Z  is on C
,

1zI=R
Thus 12¥11 E 212ft I - II = 2Mt I

1z4t5Et 'll = 1€41)CEt 4)1=12-71/12-741
Z ( H2 -4) (112-4-141)=42- it ( RH )

⇒ 2E - I

¥tz+y/ E 2R
CARREY )

Now
, length of c is ER

Thus / Sa .EE#IydzfetRC2R2tDCR-iKRZ-
4)

Now Lm eRkr
r→a CRZDCRZY )

= O

⇒ E.: If .EE#..ieH--o

⇒ k's .

So .¥¥zdz=0


