
Homework 7 Solutions
-

p
101 let f be entire such that If # I E AH for all z

,

where A  is a positive real number .

Show that fczta
, z

,
where a

,
EE

.

let ZOE Cl and let Cr be a  circle of radius R

centered at Zo
.

Since 12=12--701212-1- Hol
,

we have HI s Rtlzol

Thus If # I EAIZI E All # t R) for all z on Cr .

Now by Cauchy 's Inequality , If "

( ⇒I ⇐ 2AhzfLtR)
As R gets very large , 2AhzItR gets very smell .

Arms If " fed I E

king2^-4,31+6=0

⇒ If
" lzol / =D for all ZOE Cl

⇒ f
"

( zo ) =D for all Zo EE
.

Since f
"

( z KO ht ZEE
,

f '
Cz ) is a constant

function
;

call it f
' # =  a , .

An anti derivative of f
' th =a , is of the

fontF- C z ) = a ,
z t b

,
where be Cl .

Now
, IFCZH =/ a ,ztb/ .

If la , ztbl EAIZI for all Z
, then when 7-0

,
Ibl EO

Tues b=O ⇒ f  is of the form f CH =a,z .



p.
177
¥6 f be entire and let ulxcyt Relf CHI Zuo for all

( xy ) in IR? Show that u is constant on IR?

Let gfzl = et #
- ed "  "

e
" " 'd

,
where fczkulxiytivcxiy )

A Ig # / = eat " de e
" for all Guy) on IR ?

By Liouville 's Theorem
, Since g is entire one

and god is bounded on e
, g is constant

on ¢ . Let gczt-eucx.de
" " " )

= C
,

where CEE is constant
.

Then eucx.sk 14 ⇒ ucx.gl - In 14
,

which is

constant on IR?

2.) let f be continuous on a closed
,

bounded region R

and let it be analytic and non constant on the

interior of R
. If f # to on R

, prove that

If th I has a minimum valve m in HR occurring
on the boundary of R and not on the interior .

let gH=¥⇒ .
Since g is non constant and

analytic on R
, by the Maximum Modules

Principle, Ight has no maximum in the
interior of 92

.

thus If # I = ¥ ,
has no minimum in the

interior of R .



8.) let PCH = aotqzt - . .  tanz
" Can # o ) and let PCZOKO

We will show Plz ) = A - Zo )QH ,
where Q  is a polynomial

of degree n - I

a) Verify that Z
k

- Zo
' '

= ( z - to ) ( zk
-  '

t  zk
- Zzot .  - - t ZZE - Ztzok " )

for all K ? 2

( z - Zo) ( zk
-  '

t  zk-ZZo t .  - - t Z ZE - 2tZok " )
= ZytZZotEot

.  - - tEzo?
 - I

i #  "

- zozkt - zktzo -
- - - -¥4 - Zok

= Zk - zok

b) Show that Plz ) - Plzo ) = Cz - Zo) QCZ ) where Qlz )

has degree n - I and deduce the result .

Plz ) - Plzo ) =

aotqzt - - - t anzh - ( aota , -20-1 - tan Zon)
= a

,
( z - ⇒ tazlzzolt- - - t an FE - Zon )

= a
,

( Z - Zo ) tazcz - Zo ) ( Ztzo ) tag ( Z - Zo ) ( EtZZotZo )
+ - - . t an ( z - Zo ) ( Zn

.  - Itza
- Zzot - - - t ZZE 't Zon

- I)
= (2--20)/9 , t azfztzo ) tag ( Et Zzotzo ) t - - . t

an ( E
-  I tzu

- Zzot - - - t 2-2-5-27 Zon
-

Y)
Let QCZ ) = a

, tazfztzdta.ir .  ? zotzo ) t - - . t

an ( a te Zzot - - - t EE -7 Zon-4

then since auto
,

Q is a polynomial of degree n - I

and PH - The) = Cz - ⇒ Qcz )

⇒ PCH = G- ⇒ QQ
, since PED = O .



p.357yt.cat
let ulxiy ) -

- 2x - x3t3xy ? Show u  is harmonic  in some

domain D and find a harmonic conjugate ofuint
.

U×= 2-3×2+35Uy=6xy
U××= - GX ayy = Gx

Thus Uxxt ayy - O on I and so u is

harmonic on d
.

let vlxiy ) be a harmonic conjugate of u one .

then flzt-ucxiyltivlx.gl is analytic
and so U×= - Uy = - 6xy and vy=U×=2 -3×735

thus hay ) -

- S - 6xydx= - 35g tacy )
and

Vcxiyt S 2- 35435dg =2y-3x2yty3tGlx )

⇒ Gly ) = 2yty3tC for some constant C

⇒ Vlxuy) -

- 2yty3 - 3x2ytC .

thus
, in particular, vcxcy) =2yty3-3xy B

a harmonic conjugate of u .



3.) Suppose V is a harmonic conjugate of u on a domain D
.

If U is also a harmonic conjugate of V on D
,

show that u and V are constant on D .

By definition
,

the functions fi Cztulxiytivcxiy )

and EH -

- Vlxiyltiucxiy ) are analytic on D
.

Thus the Candy - Riemann

equations
satisfied for both

functions : Ux -

- Vy - and A- Us
V×= - Uy Vy = - Ux

thus U×=Vy= - Ux ⇒ 2ux=O ⇒ UFO

µ×= - Uy= - V ,
⇒ 24=0 ⇒ V×=0

and so f ' th =u×tiv×=O on D
.

Thus f is constant on D
.

Additionally
1) a )

nccciol
-

-
2 ncc ; 11=0 nfc ; it =

- I

Let f CH = cos lied
.

then f  is analytic one .b)
By the general Cauchy Integral Formula

,

S
.

oz¥dz= ncc :# Zieifczd

If Zo -

- O
, we hail So o¥iz de26ei.co#)=4itiIfZo=l
, we hare So o¥Edz=O(2eiXcosCieD=O

If E- i
, we have So oszh#dz= - Itai ) (cost - El) -

- Ziti



2.) By the Candy Inequality , since f is analytic
on and inside C

,
which is centered at Hi

If ' " I Hill E 3iz# = It

3) let Zo be a point enclosed by

CrThen by the Cauchy Integral Formula
,

flzd-ztt.LI#zdz--z*TScEz.dZ
R R

= EET for # dz

By another application of the Cauchy Integral
formula , f.ae#z.dz=2EiCt=2iti

thus fth -

- ¥ .

Heil -
- C

⇒ f the for all z in IZIER .


