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.) let gH=¥⇒ .
then since If # I 24 for all ZEE

,

f FEI to for all ZEQ . thus since fi 's entire
, so is g .

Moreover
, Ig # f- ftp.yEI, for all ZEE

⇒

g is bounded on C
.

Thus by Liouville 's 1hm
, g is constant on K

⇒ f is also constant on ¢
.

A
a) Since f  is entire and not constant

,

If tell has no maximum value on Q .

b) flzt-ztef-xtiy.ie/ei9=(xtekosy)ti(yteXsiny )

c) d) let Cxocyd be a critical point  of u . Then
• If Uxxcxocyo) Uyylxo, go) - Uxycxoiyo) SO and U xx ( Xo , yo) 20

,

then u has a local min at ( xo . yo)

• If Uxxcxocyo) Uyylxo, go) - Uxycxoiyo) SO and a xx ( x. , yo) CO

then u has a local mox  at Cxocyo)
• If Uxxcxocyoluyylxo, go) - Uxycxoiyo) CO

, then a has
a saddle point at C Xo . yd



(2) Ux = It excosy = O

ay = - ex sing =D ⇒ sing-0 ⇒ y= Eh
,

need

Plugging y= hit into ax gives I±e×=O ⇒ e×=±I

Since ex > O
,

e'  '
= I Luh - oh occurs when y=KnHht )

⇒ I - O
thus the critical points off are Co

,
Ruthie )

,
NEZ .

Now
, U××= ex cosy U # ( o

,
CZ - e) =

- I

Uxy = - ex sing ayy ( o
,

CZNH ) it = O

Uyx  = - ex gin y
⇒

uyx ( o ,
CZNH ) it ) = O

Ugg - - ex cosy Uyy ( O
, Cznt 1) it ) = I

⇒ at ( o ,C2ntDH , Uxxuyy - Uxtg =
- I CO

⇒ u has a saddle point at
all critical points of a .

3) la) If cxo.jo is a  critical point  of u
,

then Uxlxocyotuylxo .yd=O
Since f '

C Zo) exists
, by the Cauchy . Riemann

equations , U×( xo.jo/=-UylXocYol=O
and Vy C x.  if ) = Vlxcxo ,yd=0

Thus Cxayol is a critical point of v

Similarly , if Kayo) is a critical point of v
,

then Cxayo) is a critical point of u
.

(b) Let ( Xo . yo) be a critical point  of a
.

then
,

as in part  Cal
, U×Cx . , yo) -

- O and ihdxocyoko
Thus f 'CH = Uxlxo.ydtivxlx.gl =D

⇒ Zo is a critical point  of f .



(c) If ZE Xotiyo is a critical point of f
,

then

f
'

( Zo) = Uxcxoigdtivxcxo . yo) =D ⇒ Uxlxayd = Vxlx . . y -1=0

By the Candy - Riemann equations ,

Uylxo, yo) = . Vxcx . . yet = O and Vylxo , yo) = Uxcxayd - O

⇒ CXo , yo) is a critical point of u and V

4.) (a) Evaluates+¥tdt
let zttteit

. then z
' HI = iz and sent -

- ZI '

Thes zi

s¥Ftdt= S
.

s¥y . # DZ

where C is the positively oriented unit circle .

Now

f.ci#EzjitzdZ--SazE+fizz-dZ
1/2

Since 22-75 iz -2=0 ⇒ z=
-

=
- 5i¥3i= -24 . zi

we can factor22-7572--2=2( ztzillzttzi )
Notice

,

- ' hiis enclosed by C and
-

Zi
is not enclosed by C .

1-

themEEKin
' 'off ' "

By the Cauchy Integral Formula
, qz

,

Jc 1- de -

- go dz -
- 2x if I = 2E .

22-2+572--2 zzti



4.) let Cr -
- C

,
ucz

,
where C

, is the

µ aline segment from - R to R in

the real axis and a is the M
upper half of the circle centered ato#of radius R oriented positively .

- R G R

Then go

zz¥zdZ
=

f.az#ztzdZtJazttzztTzdZ

µ

= If ¥*zd×t fazztzzzdz

⇒ J

×zz¥zd×
= Jc

zz¥zdZ
-

Jcz¥zt2dZ
- R 2

Evaluate Sczzztzzdz :-25inCe XI 2×+2=0 ⇒ X=-2±nz# = -Itiwe have ¥*z=

µWhen R is large ,
-Itiis enclosed by•tC and - I - i is not enclosed by Cr #

- R C , R

Let fth
-_z¥i

. then f is analytic
-

Ei )

on and inside C
,

So by the Candy Integral Formby

£

zzz¥dZ=£Z£dz=2eiffHi)=I

i



Evaluate S↳zz¥zdZ as Rsx

ISince12-722-+2/7

112-12-2121-21=1122

- ZR

-21
= RZZR -2

we have /z¥⇒z/ E '¥←z
for larger

ons IS

.at#.d4skEIEI--EEa.Since

kns.EE#z--O,wehaekzo/fazzzIz+zdzI--

O

⇒ Gm f z¥z+zdZ  = O

RSA Cz

Hut S!
.at#dZ--rK=fr-xfI.zd2--kng(fc.zIz7+zdttJc

.

do )
2

= IT


