
fmalpnecficeproblemsokt.ms/.)z---8-8Fsi--16fI-nzEi)--16e-
⇒ ¥4= { 2 e- i

,

2e
'

'

,2eis¥,25¥ }
= { HE - zit ,

21 'ztEzi )
,

2C -
Eztzil

,
21 - I - ED }

= f 53 - i
, it Bi ,

- Bti
,

- I - Bi }

2.) Let ulx.gl -
- cosx - sing , vcx.gl -

- y
then U×= - SMX Vx = O . these are continuous

Uy
-

- cosy Vy
-

- I everywhere .

Ux = Vy

⇒
x = ESE , EEE ,

± ILE ,
.  - -

Uy = - Vx

⇒
y =±Ee, ,

-
- -

Hms f  is differentiable at Z  = 3€ - Ei

Honour
,

it is not analytic there since

The Candy Roemonn equations are not

satisfied for all points in O - IZ - ( 'E -

BEILKE
3.) Recall that if f  is entire

,
then ulxytcosxsiny is

harmonic on E
.

However
,

U×= - sinxsiny Uy= cosxcosy
Uxx = -

cosxsiny ayy = - cogxs.my
⇒ Uxxttlyy FO

,

⇒ u is

net
harmonic on I ⇒ there is no function v such

that f is entire
. In particular, a does not have

a

harmonic  conjugate .



4.) By the Maximum Modelers Principle , since

f  is analytic and non constant on lzkl
,

f- does not have  a maximum on lzkl .

It does have a wax on 1212-1
,

however
,

which occurs on the boundary 12-1=1
.

Let Z= Xtiy .

If # /=/eH=/e2×eZ

.is/=e2x/eic2yl/=e2x1f#--xFy2=

I
,

then the largest x can be is I
.

thus If # / = eZ× EE for all z on unit

circle
( since ex is on increasing function )

By the Cauchy Inequality,
since f is analytic

on & inside the unit circle
,

which is

centered at o
,

If ' loll E 3, = be ?

5.) By Liouville 's theorem
,

the only entire ,

bounded functions are constant functions
.

These are all of the form flzkc
,

where CECI .

b) a) Since fth -

- Ztt is analytic on and inside C
,

which is closed
, by the Cauchy - Gomsat theorem

,

[ ZH dz  =D .



b) Since fczl -

- E
'

has an anti derivative FAK - E
'

on E- 903
and C is in E- 103

, by the find . 1hm
,

{ ¥dz= - ¥ I ! -
- It f = I =

- Zi

c) Since flzk ¥ has an anti derivative on E - 903
,

and C is closed in 4- 902
,

by the Fundamental theorem of Contour Integrals ,

£ EZ dz  = O
.

2) at let f # = I . then f  is analytic on a inside C

thus
{ tf dz -

- 2x if
'

to) = Ziti Col -

- O

b) tffhenff'FEET:c on . inside c '¥since it is analytic everywhere except
z  = Ii

.

Trees
cost

£€f¥¥dZ=£¥jdz=
Ziti fu ) = Ei cosh

c) See Solutions to Hw8 .



Hal
I,

In

k¥1 I -

- E.m.In Hit - o forced z

A

Thus
, by the ratio test

,
the series converges for all ZEE .

b) Io a

:C
z - it

"

KIS / / =limcntijlzi , = {
A if ⇒ i

n ! more 0 if z=i

Thus
, by the ratio test

,
the series converges

if and only if E- i
.

A c)I n Cz - it
"

n  

=D

E.m. / = his NIK - it = he - it

By the ratio test
,

the series converges when Iz - it 4
and diverges when Iz - it ol

.

When 12--4=1 ,
notice that

key Inte - im = kiss nk-ih-k.sn = x # O

Arms lying n Him to Cby # ZonHwa )

and so the series diverges by the divergence test
.

⇒ Series converges on IZ - ikl
, diverges on Izilzl .



9.) (a) f # =

zZ¥
has isolated singularities Z -

- o and E- I

2- =D

zz
=

- ZI¥ =
-ZI€ zh = ft -

t ) ( ltztz . fE E z E

=
-

¥
- I - z - ZZ - z3 -

- - - -

. ¥ - Lz - I - Z - z't- - -
-

=
- ¥ -¥- 2- 2E - - - -

Arns E- O is a pole of order 2 and R¥fCzI= - 2

I zt I zt I
2

⇒
-

- Fi ¥ =⇐⇒I

=E.cranka . ⇒
n )

= ( I - Iz ) ( I t C I - ⇒ th - aft - )( It I I - ZHI - zit - - . )

Multiplying thisout
,

we see that there is only
one term with negative exponent :  - ¥

⇒ 2--1 is a pole of order I

and R¥fH= -2
.



(b) glz) has on isolated singularity at 7=0 .

gczt-EE-zhfkn.EE#.--tzfi-CltE..tzIt--l
)

=¥l¥tE÷+z÷ .  - I

= IT + ZIT IT t - - -

There are no terms with negate exponents
⇒ O is a removable singularity .

10 .) flzk tan ( ¥1 = SINAI
cost Et

f- has singularities at Z -
- O

,
for all KEZ

.

Now
, every a - deleted nbhd of O Coc IZKE )

contains a singularity ,
sinceforall k such that 6kt ) it > I

we have < E '

Thus z -
- O is not isolated .

Similarly,
for every neighborhood Nofx ( 1H →N )

,

There exists singularities

ill
Thus A is not an isolated singularity .



I

1)
a) let ffH=¥ .

This is already in Lavant series form
.

and R¥of # = O
.

Hus Ja # dz  = Ziti REACH = O .

b &s 't - sin 'tHEE 't
'

- 4K¥ )
'

D

⇐¥dt=I
iztdZ-2ifz.EE#zIyd7

,
where C is the positively

c oriented unit circle

has isolated" "

I;E÷÷¥n.at#.....z--O,Z=tz
,

and 7=2

Since O & I are enclosed

by C
, by the Cauchy Residue theorem

,

Zifcflzldz = 2i ( Ziti thzeosfczlt 2tizRe§fH .)
Residueatzeolet

of # = z then Of is analyte on nonzero

⇐  1) (2--2)
-

at 2-  =D

This 2--0 is a pole of order 2 and

R¥o flak 0' = IFENG.it#4-k2iEdtL2z-HHz..o=5
((27-112--4)

'



Residueatzz
let 0 # = Ztzz .

then Of is analytic on nonzero

ZE
at E- 42

This E-
'k is a pole of order I and

Res flak

0144=-1E- Yz
12

therefore, [
"I.si?Idt--2ifhtiKlEIt2eitII

)
5- cost 12

= -

51T
t 17¥ -

- 2¥

12 .) fczt FILET has isolated singularities

at Qtl
,

which are all enclosed by C
.

Thus So I%¥#dz= - Ztizfesfczt -

- Ziti EE

.es#ffzt.gczi=zhfHzI--zh(¥s÷¥⇒=ZT⇒
Since FEEL is analytic at E- O

,

O is a removable singularity of  

g .

Arms R¥gH -
- O ⇒ tzesfczto .

⇒ Ja ¥ffIdz= - Ztirzesfczt = O



B.)
Let pczk ZGSE, qlzkltz - E

.

Then pard q are analytic at z=o and plot to .

Moreover
,

Since gc ok O
, g' 101=0

, g
" lot = - I FO

,

g has a Zero of order 2 at z
-
- O

.

Tries fth -

- ¥7717 has a pole of order 2 at E- O
.


