
Math 425 (Sections 1 and 3) Homework 2 Solutions

1. Let f(x, y, z) = x and let W be the region in R3 bounded by the planes x+ y + z = 1, x = 0,
y = 0, and z = 0.

(a) Describe W using set notation:

W = {(x, y, z) ∈ R3 | a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x), h1(x, y) ≤ z ≤ h2(x, y)}

Solution:

W = {(x, y, z) ∈ R3 | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, 0 ≤ z ≤ 1− x− y}

(b) Evaluate

∫∫∫
W

f(x, y, z) dV .

Solution:∫∫∫
W

f(x, y, z) dV =

∫ 1

0

∫ 1−x

0

∫ 1−x−y

0
x dz dy dx =

∫ 1

0

∫ 1−x

0
x− x2 − xy dy dx

=

∫ 1

0
x(1− x)− x2(1− x)− 1

2
x(1− x)2 dx =

1
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2. Use a triple integral and cylindrical coordinates to find the volume of the flying sauce S bounded
by z = 1

2x
2 + 1

2y
2 and z = 1 − 1

2x
2 − 1

2y
2. To see what it looks like, graph the functions on

geogebra.com for fun.

Solution:

1

geogebra.com


First, in cylindrical coordinates, the surfaces are z = 1
2r

2 and z = 1 − 1
2r

2. They intersect
when 1 − 1

2r
2 = 1

2r
2, or when r = 1. Thus the region, in cylindrical coordinates is given by

W = {r, θ, z) ∈ R3 | 0 ≤ θ ≤ 2π, 0 ≤ r ≤ 1, 12r
2 ≤ z ≤ 1− 1

2r
2. Thus

V ol(S) =

∫∫∫
S

1dV =

∫ 2π

0

∫ 1

0

∫ 1− 1
2
r2

1
2
r2

r dz dr dθ =

∫ 2π

0

∫ 1

0
r − r3 dr dθ =

π

2

3. Evaluate the integral

∫ 0

− 1
2

∫ y+1

−y
(x+y) cos(π(x−y)) dx dy using a suitable change of coordinates.

Solution: Let u = x+ y and v = x− y. Then x = u− y ⇒ v = u− 2y ⇒ y = 1
2u−

1
2v ⇒ x =

u− (12u−
1
2v) = 1

2u+ 1
2v. Let T (u, v) = (12u+ 1

2v,
1
2u−

1
2v).

Then |detDT (u, v)| =
∣∣∣det

[
1
2

1
2

1
2 −1

2

] ∣∣∣ = 1
2 .

Now let’s figure out the new bounds. First we can sketch the region in (x, y)−coordinates:

Notice that the boundary of the region is made up of the lines y = 0, x = −y and x = y + 1.
Thus we need to decide what happens to these lines when we change variables.

y = 0⇒ 1
2u−

1
2v = 0⇒ v = u

x = −y ⇒ 1
2u+ 1

2v = −1
2u+ 1

2v ⇒ u = 0

x = y + 1⇒ 1
2u+ 1

2v = 1
2u−

1
2v + 1⇒ v = 1

Now let’s sketch the region in the (u, v)−plane bounded by the lines v = u, u = 0 and v = 1.

Based on the sketch, we have that 0 ≤ v ≤ 1 and 0 ≤ u ≤ v.

Thus

∫ 0

− 1
2

∫ y+1

−y
(x+ y) cos(π(x− y)) dx dy =

∫ 1

0

∫ v

0
u cos(πv)

1

2
dv du

2



=

∫ 1

0

u

2π
sin(πu) du =

1

2π2
(the last equality requires integration by parts).

Note that we can also view this region as 0 ≤ u ≤ 1 and u ≤ v ≤ 1 and compute the integral
with respect to du first. This would take two integration by parts to do.

4. Prove the spherical coordinates formula. More precisely, if T : R3 → R3 is defined by
T (ρ, θ, φ) = (ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ), W ⊂ R3, and f is a C1 function defined on
T (W ), show that∫∫∫

T (W )

f(x, y, z) dx dy dz =

∫∫∫
W

f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρ dθ dφ

Solution:∣∣∣ detDT (ρ, θ, φ)
∣∣∣ =

∣∣∣ det

sinφ cos θ −ρ sinφ sin θ ρ cosφ cos θ
sinφ sin θ ρ sinφ cos θ ρ cosφ sin θ

cosφ 0 −ρ sinφ

 ∣∣∣
=
∣∣∣ cosφ det

[
−ρ sinφ sin θ ρ cosφ cos θ
ρ sinφ cos θ ρ cosφ sin θ

]
− ρ sinφ det

[
sinφ cos θ −ρ sinφ sin θ
sinφ sin θ ρ sinφ cos θ

] ∣∣∣
= | cosφ(−ρ2 sinφ cosφ sin2 θ − ρ2 sinφ cosφ cos2 θ)− ρ sinφ(ρ sin2 φ cos2 θ + ρ sin2 φ sin2 θ)|

= | − ρ2 sinφ cos2 φ− ρ2 sinφ sin2 φ| = | − ρ2 sinφ| = ρ2 sinφ

The last equality is true because sinφ ≥ 0 for all 0 ≤ φ ≤ π.

Now, by the change of variables formula, we have that∫∫∫
T (W )

f(x, y, z) dx dy dz =

∫∫∫
W

f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)| detT(ρ, θ, φ)| dρ dθ dφ

=

∫∫∫
W

f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρ dθ dφ

5. Let W = {(x, y, z) | x2 + y2 + z2 ≤ a2 and z ≥ 0}. Suppose the density of W at any point is
twice the distance of that point from the origin.

(a) Find the mass of W .

Solution: The density function is δ(x, y, z) = 2
√
x2 + y2 + z2. In spherical coordinates,

we have δ(ρ, θ, φ) = 2ρ and W = {(ρ, θ, φ) | 0 ≤ ρ ≤ a, 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π
2 }. Thus the
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mass is

∫∫∫
W

δ(x, y, z) dV =

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ3 sinφdρ dθ dφ = πa4

(b) Find the center of mass of W .

Solution: Once again, using spherical coordinates, we have∫∫∫
W

xδ(x, y, z) dV =

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ4 cos θ sin2 φdρ dθ dφ = 0

∫∫∫
W

yδ(x, y, z) dV =

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ4 sin θ sin2 φdρ dθ dφ = 0

∫∫∫
W

zδ(x, y, z) dV =

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ4 cosφ sinφdρ dθ dφ =

2πa5

5

Thus we have x = 0, y = 0, z =
2πa5/5

πa4
=

2a

5
and so the center of mass is (0, 0,

2a

5
).

(c) Find the moment of inertia about the z−axis.

Solution:

Iz =

∫∫∫
W

(x2 + y2)δ(x, y, z)dV =

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ5 sin3 φ(cos2 θ + sin2 θ) dρ dθ dφ

=

∫ π
2

0

∫ 2π

0

∫ a

0
2ρ5 sin3 φdρ dθ dφ =

∫ π
2

0

∫ 2π

0

a6

3
sin3 φdθ dφ =

∫ π
2

0

2πa6

3
sin3 φdφ

=

∫ π
2

0

2πa6

3
sinφ(1− cos2 φ) dφ =

∫ π
2

0

2πa6

3
sinφ− 2πa6

3
sinφ cos2 φ) dφ =

4πa6

9
(The final equality involves u-substitution)

6. Read Example 5 in Section 6.2 of the textbook to see how to evaluate an improper integral of
two variables. The key take-away is that in order to integrate a function over an unbounded
region we must take a limit. In particular, for a function of two variables, we can use polar
coordinates and define∫∫

R2

f(x, y)dA = lim
a→∞

∫ 2π

0

∫ a

0
f(r cos θ, r sin θ)r dr dθ

Similarly, for a function of three variables, we can use spherical coordinates and define∫∫∫
R3

f(x, y, z)dV = lim
a→∞

∫ π

0

∫ 2π

0

∫ a

0
f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρ dθ dφ
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Use this formula to evaluate

∫∫∫
R3

e−(x
2+y2+z2)

3
2 dV .

Solution:

∫∫∫
R3

e−(x
2+y2+z2)

3
2 dV = lim

a→∞

∫ π

0

∫ 2π

0

∫ a

0
ρ2e−ρ

3
sinφdρ dθ dφ

= lim
a→∞

∫ π

0

∫ 2π

0

sinφ

3
− sinφ

3
e−a

3
dθ dφ = lim

a→∞

∫ π

0

2π sinφ

3
− 2π sinφ

3
e−a

3
dφ

= lim
a→∞

(
4π

3
− 4π

3
e−a

3
) =

4π

3

7. (NOT TO BE TURNED IN) Here is some additional integration practice from the textbook:
Section 5.5 # 3, 11, 17, 19, 21 and Section 6.2 # 1, 5, 7, 15, 23. Feel free to do even more
problems from the textbook for more practice.
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