
Dalization
Let Qbe a nondegeneratesymmetric bilinear form

Recall, if E=Ee-cent is thestandard basis and B=YDibut

is another basis of2",

then QB = PQPwhere P= (b,---but

Moreover,

givenVueweget theM

B basis:

Now P(u =[b.---bu)/"7 =vibi=Eviei=(v),
Hence themap 4:2

+2" transforms [vip into (vis

4(v) =Pv

So we can view changing basis from B to I as the map 4

Claim lattice isomorphism- 4 gives rise to a-

y:(Y,ab) -(Q) (i.e. a surjective lattice embedding)
proof:

y is linear since itis multiplication by P

· G(u)Qs4(v) =(PulQc(Pu)
=uPQaP)v =nQBV

=>Y is a lattice embedding.

· I is subjective since B=[bisbn) is a basis and bi-PeiFi.

So
-

changing basis [+B > Lattice isomorphism(k",0)-(40a)



Def:Asymmetric bilinear form Qis datableovert

if Ia basis B of " such that Q is diagonal
Lie. 5matrix P s.t. PQIPis diagonall

Ex:Let Qbe given by Qs= [Y!]

Let B =[(6), [i]3, p= (b!]

thenpTQsP =[2] is diagonal

=>Qis diagonalizable.

From our discussion so far, we can deduce

the following:

Fact:Let Q be diagonalizable withIdetal=1

· Q is positive definite I basis B such that QB=[

· Q is negative definiteIbasis B such that QB=-I



So by the key observation:

· Apositive definite lattice (140) withdetQ= 1

is diagonalizable iff Ilattice isomorphism

4:(z,,a) -(I)

· A negative definite lattice (140) withIdetal= 1

is diagonalizable if Ilattice isomorphism

4:(z,,a) -( -I)

Ex:a =(=)

Note:-detQ= 1

· eigenvalues bothnegative ->negative definite

we can show Q is diagonalizable by finding
a lattice isomorphism 4:(2a) ->(2i -I)

As previously, letsfife] be thestandard basis

of the domain and leteen3 be the

standard basis of the codomain.



Let y(f) = x,e,+xeez and y(f) =y,e,ty212.

· -2 =Q(ff) = -I(y(f), ylfi)) =- (i)(x2) =-x-x

=> X,xz [=13

· -5 =a(fz,fz) =-[(y(f),yf) =-yi- y=
=>(y,,yz) =[(=1, 12), (=2,#1)3

· 3 =Q(f,fz) =-[(y(f),y(f) =- x,y, -x-yz

Setting Xi =x2=1 and y,=-2,y2=t satisfies the equations

=>We have a lattice embedding

given by
4(f) =e,ten,

y(fz) =-2e, -c

=>y is given by p=(!)

In thebasis (y(f), ylf], we have

O =PTP =[vi) is diagonal


