
BilinearFarm -2

Let =9(x, x- - , xn) e1R") xi= 7 i3 ....(group under addition, -module)

Def:Abis for I" is a SetB:[br--bn32" such that
· B is linearly independent

· I Vea", Icane such thatv =cbit---+cubn

(ie. Spar [b.. -bu) = 24)
-2

Ex: Let e.(i), emfi], ..., ef:)

-Seventisthesadbasis
of

atree.
linear combination of eis--en-

v=(i) =4(i) +(j) + --+v):) =vie: (riek)

Differentbases give differentcoordinatesystems

Ex: E =[[6], [i7] B=[(07,[i]3

i ge
v =2e, +e =(Y)s v =b,+bz =[i)B



Def:Amobilinearform on "is a
-

function Q:2"x" ->I satisfying:
· Q(v,w) =Q(wv) v,wez" (symmetric
·(ut*QunQuannV" Clinersi

Ex:Q(18), (a)) =ac +bd (dot product)

· Q([5),(a)) =ac+bd =ca+bd =Q((a),(5))
· a((b)+(),(a)) = Q(),(a)) =(aian)c +(bi +be)d

=(a, +b,d) +(a, +b,d)

=Q([7,(a)) +Q((-2).(a))
· Q(k(b), (a)) =a((E),(a))

-Kac+kbd

=k(ac+bd)
=kQ((5),(a))

Ex: Let Abe a symmetric matrixwithinteger entries.

thenQ(v,w) =vAw is a symmetric bilinear form

e.g. A=[bi]
=>Q1987, (a)) =(ab3(bi)(a) =ab + cd,

which is the previous example



In general, any symmetric bilinear form Q

can be expressed as a symmetric matrix A

as in the previous example as follows:

the (iij)-thentryof Ais Q(ei,ej)

However, ifwe choose a different basis for I,
then we will obtain a differentmatrix

In general, if B =Sbis-but is a basis for 2,

then Qhas matrixrepresentation Qu

given by:(nijlthentry ofQ is Q(bi, bj).

this means thatQuiv)=sus'Q [vIs

Ex: Consider a((i),(a)) =2ac - bc -ad+3bd

and bases:E =((b), [i]3, B =[[6], [133

In E, Q(ene)
=2

Q(e,e2) =3 =>ac = (-?]
Q(e,ez) =- 1



In B, Q(b,b1) =Q(e,e) =2

Q(brb) =a([i],[i)) =3 =>QB = (?)
a(b,,bz) =a([d],[i)) =1

sinyChack:Let v=[PTs. Recall v= Sils
Q(yv) =[217Qx[?] =7

u
Q(vv) =(117Q [i] =7

Question:How are Qs and Qu related

them:LetB:[b-ibri be a basis for "
Let P =(b. --- bn) (nxu matrixwithdetP=11)

then QB=pTQsP

Prof.Note thatPei=biFi. thus:

(j)th entryof R
=Q(bi,bj) =b!Qabj

=(PeilQa(Paj)
= e (PQPlej
-Lijhthentryof PQaP

=>QB =PQcP e

*te:det QB =det (PTAP) =detPdetQ detP =detQs

So writingdefa is unambiguous



Def: AsymmetricbilineforOnecalledin
Fact:Qis nondegenerateif and only if

Qis invertible for any basis B

lifard only if deta F0).

We will work fairly exclusively with
mondegeneratesymmetric bilinear forms on I?

Def:Asymmetric bilinea form Qis
-
·tdefinite if Q(v) >O F UFO

· ivedefinite if Qur) CO
F UFO

Ex: Q =I => Q is positive definite since

Q(yr) =vIv =V.V>O UVIO.

Qu = -5 =Qis negative definite.

Fact:Q is positive/negative definite if and only if
theeigenvalues of Q are positive/negative
for any basis B.


