
HandlebodyDecomposition



Handle Decomposition
↑

Thin:Everymanifold admits a

handle decomposition.
n-dim. K-handle:hi: =DDk

AHach [kel) -handles to k-handles.

belt sphere->cocore
I

core.
⑧
↑ -> attachingregion

attaching sphere

attaching region:2D"x DR-1
core: D"x903

attaching sphere: 2(core)
=2D" x303 =5

-x503

cocore: [03xDr-K
belt sphere:303 x 2(Dr

-K) =303 x
grk-1



1-manifolds

O-handle I-handle

DoxDI D'xDO
D' =[0,1]

cocore

⑤ ↓
③ ⑰ 8 ⑧
↳ cocore ⑧ ⑪

③

attacking GDoxD' =0
2D'xDO

region =>SxD . I

z(core)

Dox 203 I D'x503 =D'Cor2

8 I

attaching
sphere 2(Dox[03)=G(D'x403) =so

⑧ ⑧

cocore E03xD' =D'303xD =Ep+3

belt sphere G(203x D1) 2([03xDo
a[cocore) = E03x2D'=So

=303xD=0



2-manifolds:Surfaces
we'll only

need 2-dimensional handles

O-handle I-handle 2-handle

DoxD2 D'xD' D2x DO

D
=I =0 0

IIIII1111; "IIII,
attacking 2DxD' CD2x De S

region =SoxD' =>S'xDo

Cor2 Dex303 · D'x303 D2x503

attaching 2(Dx303)=0 21D*907) =SG(D*[03) =S'sphere
z(core)

cocore 303xD2 303xD" =D'903xD=2p+3

114
belt sphere 2 (103x D2) 2(203xbY) 2(503xD0)
-(cocore) => S03x2D2 =S =S03xCD'=So =203x7D =0



Ex:52

--------
-

S=h. Uha

x(54 =1 -0 +1 =2



=>Annulus =S'x I

~-
X/A/A - E-

-I
Annulus=S'x I

......

X(A) =1 - 2 +1 =0

......

v C ⑦
-

a d 19

02 b UL

2 - 3 +1 =0



Ex:Mobius Band

-
x(MB) =1- 1 - 0 =0

X(s) =#O-handles= #I-handles #2-handlesI
--

I bands

disks



3-manifolds

O-handle I-handle 2handle 3-handle

-°xDY D'xD2 DD' DxDO

-,

- ------- -

-=>i
-
-

-

#
jz

attacking WD'XD2 GD2x D'A 2DxDO

region =SixD
2 -S'xD' =SxD=

Cor2 Dex303. D'x903. · D2x203 /Dx203

atachg((D*x(03)=0 ((D'x202) =5 ((D2(03)- S'C(Dx[03)=

=2D'x203 .....
- E

⑧

cocore
503xD 903 x D2 303x D' E03XDe

belt 2(103xDY) 2(103xD2) 2(303xDY) 2(303 xDO)

Sphere =203 x 2D3 =503x2D2
=(03x2D' =30 x 2Do

G(cocore) =S =S
=> so =



3

1: S

S=0-hr 3-h

EX:

·
-

---



4-manifolds:
O-handle I-handle 2handle 3-handle G-handle

DoxDY DIXDY DRD2 DxD' DxDO

=D4 = D4

attaching IDD 2D'XDY CDIDY CDXD' 2DxDO

-SixDY =sxD2
=

sxD' =SxD

region =P
%

=Se

solid torus

core Dx203 D'x503 Dx203 Dex303 D4x203

x

attaching a (Dox 503) ((D'x203) ((D2x203) 2(D*303) 2(D"x403)

Sphere =P =So =S
=
S =>S

cocore 303 x D" 903xD3 90xD2 SO3xDI E03xDO

=D4 =D3 =D2 =D =Do

belt sphere 2(303 x DY) 2(303 xD3) 2(303xD2) 2(103xD1) C(90x)

2(cocore) =50x2DY
=303 x2D3 =304 xGD2

=903 x2D' =903 x2O

1 Iso=53 =S2 =S =a



Remarks

① I-handles mustbe attached to

2(o-nand(e) =2(D xDY)
=(0xD4)u(bex2b4) 3

=qr(bx s) =DixS

=S =IR3U503

The attaching region of the I-handle:
3

2D'xD* =SxD

3 3

B D
---E -

1

Think "warmhole



2 The attaching region of2-handle:

2DxD2 =S'xD2

Attaching circle:S'xE03

⑭
Dataneeded for a 2-handle attachment:

①Attaching circle (can be knots)

&Framing:How do we glue
the attaching region S'xD2

to a nbhd of the knot in WB* = 54

There are many ways
to do this.



2-handle

attaining
FX
push off ofcore

2D =5 ------ bounds disk in 2-handle

Mustglue to a push off

Diagram in S

-

le



EX:Some blue prints for 4-mans.

oS

- I

-

"
-2



EX:Some well-known 4-man-s

S4 =0-handle W h-handle

Six=0 -h52-h3-hr4
h

SYS -& ah

L
&IP2 =

- I
&IP2 =



Remark:

All 3-mans are
boundaries of

4-man.s. without1-OR
3-handles.

Let Xbe a 4-manwith bdry

which is build from

O-and 2-handles.

-2 -2

&
Then this diagram can

also be

viewed as a surgery diagram

for 2X



-2

means

k

remove vKK) tubular nbhd) from S

replace itwith S'xD2

in a certainway

ladding some twiston
SxS'=T?

(drilling and filling)

This is called "Dehy Surgery"
Clater)


