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Big-Picture: Homology is an algebraic topological

gadgetdefined for a topological space.

Itis an invariantunder homeomorphism

actuallyunder homotopy.

comoopy:7H: Xx[0,17 ->Y st.

H(x,0) =f(x)
H(x,1) =g(x)

and Y homotopic (homotopy equivalent)

If If: /Y and Eg: Y- X

st-gof-idy

fog-idy



Intinctively, homotopy allows bending, shrinking, expanding
(doesn'tneed to be injective or surjective)
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This will be usefull since
to computehomology,

we can consider a simpler manifold homotopic to X,

which has the same homology buteasier to compute.



Cell Decomposition:
These are the building blocks for cellular homology.

cell complex (CW-complex)
Atopological space made up of pieces,

called skeletons, together with a gluing restriction.

cells:

O-cel: a point".
"

I-cell:an interval [0,17..

2-cell:a disk

:

n -cell:Be



Skeletons:

O-skeleton:=/:Finite union of 0-cells.

some number of

-
skeeton: -1==1 W C 1 - cells)

4

2 ([0,17) mustbe glued to
Xo

0

4:2 ([0,1) > /

EX: ⑤ D
& D

D B ·

2-skeeton: =/2:=1'
some number of
2 - cells

4:2(2-cell)
=2(bn) =gx

- 1 ex

EX= alll.
1 -



E unnecessary

badlybehaved

n-skeleton: =X= =xns
fi

f=2BY- /r
- 1

Remark:X=XUX'UX
can go forever

butwe'll consider n-dim. Mans.

In thatcase, we don'tadd

any
cells after the nth stage.

i.e. X=xn* =XR+
2
= ---
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Euler characteristic

X =a(finite) cell-complex

=>X(x) =2(- 1) * * (i-cells of

where n is the smallestnumber St.

X =x
**=xP

+2
=---

If Xis a man. n =dim(X)

x(x) =2(1)"ranl(Hn(X,E))

Hn(X,E) =E*torsion

rank(An(X,E)) =#Esummands.



Examples:

I

· X 8 I O-cell
a

⑧ ⑧ I I-cell

X(x) =1 - 1 =0

⑯ ⑧ ⑥ Oz 2 o-cells
E

- 2 I-cells
D

X ↳

x(x) =2 -2 =0
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n =2:· 10-cell

"I 2 - cell

In general for s

· 10 cell

11/, p I n -cell

if n =even

=>xCs) =5 if =odd
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1 o-cell 2 O-cells

1 I-cell
OR 2 I-cells

12-cell ↓ 2-cell

x((RIP2) =1 - 1 +1 =1

x((RIP2) =2 - 2 +1 =1



4 +2
t

2 o-cell

2 1-cells

12-cell

x(T2) =1 - 2 +1 =0



Homology is a stronger inv. than Euler characteristic

Itis an alg- gadgetwhich counts #n-dim holes.

Alg-gadget:the homology ofa topological space

will be a series of abelian groups Hn(X)

one for each ne

Chain Compex

... cc, cos C-- ---

di:homomorphisms

Ci=abelian groups
sit

Im(di) < Ker (di-1) A



* =>ditod =0

Notation:Often we'll drop

the subscripts of di's since

itis usuallydear
which di

we are interested in

So d=0



Our chain complexwill be defined

in terms of topology:

C(X) :
cell complexes

Ci(X) +the
labelian) group of

"formal sums"of

Coriented) i-cells in X.

These sums can be taken with

coefficients in Cusually),

Q OR IR (

or even
wilder coefficients)



Whatis the mapd?

C, dit, Citi

oriented

oi_(i -cell) =(-1) -cells
making up
boundary
the i - cel

Theextend this to Ci(X)

to make diy a homomorphism.

Remark:This defn. is correct enough

for our purposes
but really need

the notion of degree of maps of sphere
to make this rigorous.



Examples:
v

⑧

I a
a X

e

Co(x) =[n.r =
ne z3 =(v) =>I

c,(x) =3ne:nez3 =(e) =7

Ci(x) =3n0:nez3 =0 Fix2

de
O d=0 do d

-
=
0

>
...- C2 -Co- C-1 ...

LI
11

0 jet < D

20-0=0

Note:This chain complexis NOT

an invariantof X.

Chainging cell decomposition can change (n(X)



de
O d =0 do

... Co---->

"Se < b
20-0=0

Ha(X) =0 Fi =
- 1

Ho(x) =ker(d-)/Im(do)
=(=E

H,(X) =ker(do)/Im(d1)
=(e)

0
=
E

H2(x) =ker(di) Im(de)
=0/0

=0

=

Hax) =0 F132

Hi(S1)=3* if k
=0,1

otherwise



b
e.e

orientation
Assume our orientation on y, and ye so that

· If a I-cell comes outof U

thatcour, to a "+" count

· If a I-cell is going in Vi

thatcorr, to a
"-"count

ejrez
Uz



0
= =0 =0
de di d

- 1
7 - C1----... -CC, fccobl ne

↓ <e,2) se"2 0

e, uz-V,
Im(do) =(y-vi) do

- Ve-UIes

↑
This is all we need to extend to

all of C, =4e,,ec)

di =0 if ito

ker(do) =(e, -22)

since do (9, -22) =do(e) -do(C2)
=22-0, - (8-4) =0

and all elements in C, gointto
0

can be written as keie).



Ha(X) =0 Fi = - 1

Ho(x) =ker(d-)/Im(do)
-(a,[we-)

=(v,v-v)(-)EXE
I

H,(X) =ker(do)/Im(d1) =(ei-22) = E
O

H2(x) =ker(di) Im(de)
=0
p
=0

:

Hax) =0 F132

H(51) =3*if
k =0,

otherwise



2 S2-o-cell W2,cell

⑳
L

=O d=
0

di do
... - - - ----

l

"c " s 0

f t0

H1(S2) =0 vi =
- 1

O =O

Ho(S2) =ker(d) /Im(do)
=

0

H. (57 =ker(do)/Im(d1) =0/0 =0



He(S2) = ker(di) Im(de)
=4A/ EE

Hy(S4 =ker(d) Im(d3)
=0
p

=0

I

Hls7 =0
Fk>3

=>H(52) =3E nee



3 IRIP2

·(xYY,)/pe
R

... -*CoC, ---
"S set (as
fitsete

do
& e-0

=
0

Hn(IRIP2) = YHW.



Homology:
Note thatthe chain complexis

Not an inv of X.

Chainging the cell decomposition
can change (n(X)

There is an algo trick

to make this an inv

C - ti

ti(x)=ker(di-1m(di)



Terminology
An elementin Hy(X) is

an equivalence class of
K-cells.

i.e. if C is a k-cell

[C] is some elementin H(X)
↑

the equivalence class of C

Itmay be trivial

You can actuallythink of

· elements in H, as closed curves.

· elements in He as surfaces



Facts:

1 Homology is a homotopy inv

and doesn'tdepend on the

choice of cell decomposition.

2 Homology is also a homes, inv

(by()

homeo => homotopic



3 Ahomeomorphism
(and homotopy equiv)

f =

x+Y

induces isomorphisms

fx:Hn(X) > HnCY)



Ex:Is 4 a homeomorphism?

③

~l Y ·
S'xD

solution:

e
·
Fl X ·
S'xD

Sh.er

-(e) =(21] ⑳
not an isom. (21) =4 ((1])

So. 4 is Nota homeo.




