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Def : A manifold is clod is it is compact w/o boundary
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Let ✗ be a compact surface

Any two closed curves on X can be wiggled
so that they intersect in a finite set of point

:



Let ✗ be 3-dime .
If SCX is a surface (2-dime)

and LCX is 1-dime
,
then S & L can be

wiggled so they intersect in a set of discrete points
-
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More generally , if A
,
B are closed submanifolds

of M and dimA+demB=dimM
,

then AEB can be wiggled so that they
intersect in finitely many points.

In particular, if ✗ is a 4-manifold and
S

, ,SzcX are closed surfaces, then S ,
$5
,
intersect

in finitely many points.

If 5,5 ,
✗ are oriented

,
then each intersection

point has a sign .

the algebraic intersection number of 5,45, #6m£)
is¥fTnkrsection points



Intersection point of 5, & Sz is +1 is orientationofs ,
followed by

orientation on % agrees with orientation on ✗
Otherwise

,
it is -1

.
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Orientation on T : ¥-3
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# (sins = -1 # (sing = -1+1-1=-4
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,
where 5 is the oriented pushoff ofs

¥ : s intersects 5 in one point

_ Self - linking is 0



Éx : 2-handles in 4-manifolds

let h be a 2-handle
2h-wet

w/ core D
,
attached to B"

along a knot K w/ framing n
let [CBY be an embedded

oriented surface with

dE=K .

let ˢ=%☐ '

then # (Sns ) = n

let h
, ,hz be two 2-handlesh hz As above
,
let Ki be the

attaching circle of hi
,

↓ let E- CB
" be a surface

w/ dEi=Ki
,
and let↓

Di = one of hi .

Let Si=EuDi .

then # (Sinisi -_MR"ᵗ↳



HomIgy_
the homology of a 4-manifold can be
computed using the handlebody diagram

East : Any element in AIX ;2) can be represented by
a smoothly embedded closed oriented surface in ✗

let ✗ be an oriented 4-mfld
-

,

Tfef : The on ✗ is asymmetric bilinearform
.

Qx : HHXIZYyag.mx/tzlX:2Y-orsim → 2 such that

If I
>
Ez are closed oriented surfaces in X

,
then

0×1191
,

= # (5^2) counted with sign

0*(1%7,547) = # (4^5) , where £, = oriented pushoff
ofE

,

✗ is called positive -definite if Qx is positive-definite
and nÉ#e if Qx is negative-definite



Given a basis for Adx) , we can write down an
explicit matrix for Qx .

If ✗ is a 4-manifold built from a 0-handle
and n 2-handles w/o 1,3 handles

then Hzlx) = ≥
"

let hi denote the core of the ith 2-handle w/ framing ai
and Ei denote a Seifert surface for Ki
let Si = Eiuhi

then #(Sirsi) = ai and #lsinsj)= lklkiiejl

Moreover, 18,7, -→ [Snl} forms a basis for Hand

then Q×([sips;D = { lklkiki) i≠j

ai i=j

E : Q=[? -51
✗=

If detox -1-0
,
then is a nondegenerate symmetric bilinearform .



Feet : If ✗ is a closed, oriented 4-manifold , then detox =±l

thm
.

(Donaldson) :

-

Let ✗ be a closed
,
oriented

,
smooth

, positive or negative definite
4-manifold . then it's intersection form Qx
is diagonalizable.
( ie . 7 a

"

basis for HIM so thatQx has matrix#.

⇒ If ✗ is a closed
,
oriented

,
smooth

, posting -def 4-mfld,
then 3- lattice isomorphism (Hayton , Qx) → (27+-5) ,


