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Def:Let Q be a nondegeneratesymmetric
-

bilinear form on 24 then(a)
is called a bike (of rank n)

*If a matrixis given for Q, it is understood
thatthe standard basis has been chosen.

Ex..(25) is theSositivedefinite lattice

· (2-I) is theregativedefinite lattice

Def:Let EV,-, URCI" be a linearly independent
Set of vectors. Let L:Spana [r-- Uni

then (2,0) is called a battice of (?) of rank K

If K=n, (4,0) is called a fullnk sublattice

L -2
EX V, =e,ez

- I

Ve =2eitez ↓
-

=Spana [v, v23.



Def:Let ( ,0.1 and (4G2) be lattices

Alaembedding (2, Q) -> KY, Q2) is amap
4:2"- 4" satisfying:

(i)y(v+w) =y(v) +y(w) X vw-7" (yis agroup homomorphism)

(ii) Q,(v,w) =a(y(I,y(wi) v,we In

We usually write 4: (3, Q) -> (IY,Q2)

Note:If (i) is true, we need only check
that (ii) is true on basis decent for"
Since Queiej) =(ijj)th entryof Q., we
need tocheck Ruylei), plei)) =(ii)-the entry of Qu

Note://my, QL is a sublattice of (2 Qu)

↓

a: Lattice embeddings are injective

Ex: LetQ:(-2) and Q:(i7 =
-E

Find a lattice embedding y:(a.) +k=Yan)

Let[filful denote thestandard basis for thedomain

Let Senech denote thestandard basisfor thecodomain

then 4(f) =x,e, +xz =(Xi)
y(fz) =y,e, +yzz =(()



· -5=Q,(f,f) =an(4(f),y(f)) =- xi - x2 =(X,,xz)= [(=2, =1),(=1, =2)3
Choose x, = -2, x2 = 1. Note:Choosing anotherpossibility

corresponds tochangeof basis.

· -2 =Qi(fufz) =Qz(y(f),y(f) =-y, -y= =(y,,yz) =(=1,71)
· I =Q,(ff) =Qu(e(f),y(f)) = - x,y, - xzyz =2y, -32

=>y,
=

yz
=1.

So y(f) =-2e,+ez

y(f) =e, +ez
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Since 4:G"-x", we can express itas

the matrixA = [i]
4(f) =AS] =(i) =e,e2

since

y(f) =A(i) =( -47 =-ze, +ez



In general, given bases for (10) and (I,Qr),

a lattice embedding 4:(2,,Q1) ->kY,Q2) can

be expressed as multiplication by a matrixP

i.e. 4(V) =Pv Fvez"

Moreover, since Q,(v,w) =Q2(y(u),y(u))
we have thatQ, (v,w) =Q2/Pr, Pw).

If Q, and Q2 are also matrixrepresentations

for Qard Q2, we have viQ, w =v/pTazP)w

=>Q, =PTQzP

Hence deta, =detPdetG detP =(detP)?detQz

shot:If Ilattice embedding 4:(m, Q.) +ke?Q2,
then de is a perfectsquare.



Ex:LetQ, =f-4!z), Qm=(b=)
Show A lattice embedding y: k? Q) -> k2?Q)

Mdl: de*I = 3 is nota perfect square
(this does notalways work, so we'll also prove
this using a method that always works)

Md2:
Assume Iam embedding y
then4(f) =x,2, + x212

y(f2) =y,e, +yzz

·
-2 =a(2,2) =Q2(y(f),y(f) =- x- x2

=>X,,xz [=13

· -2 =Q,(er,2) =a2(y(f),y(f) = -y, - jz
=>y1,yz = 9 =17

ButthenQuylfi), ylf))=-x, y, -xayz e90,727
while Q,(fif)=1

thus we have reached a contradiction

=>Aa lattice embedding


