
Xmeand lattice embeddings

Let Y be a US that bounds a RB"B.
(e.g. Y=[e(s), where I is a x-slice link)

Also assumeybunds a positive/negative definite 4-mfld X.

thenz =XUC-B) is a closed and positive/negative definite

By Donaldson's Diagonalizationtheorem Qz is

diagonalizable, that is, 5a basis under which
thematrixrepresentation forQ2is II.

Equivalently, Ia lattice isomorphism

(Hz(z),0z)=(x, =I), where n =wank(He(z) =rank(Hulx))

Since XCZ, there is a homomorphism Hux) ->HelE)
induced by inclusion.
Itfollows that5a lattice embedding

4:(H2(x),ax) -> (2", =I)



DasObstruction:

If Y is a RS thatbounds a positive/negative definite
4-manifold X and Itlattice embedding (H2(x),0x) ->k2Y5),
where n=rank (H2(x), then Y does notbound a RBY

Moreover, if Y = [21s?) for some link (cs, then
L is not x-slice.

BeantObstruction (weaker but easier thanDonaldsonis)
Recall thatif Ilattice embedding
(A2(x),Qx) -> (75), then IdetQx) is a square.
So, if Idetax) is nota square, then Y does

not bound a RBY

Moreover, if Y =22(sit), then his not slice.

Recall:If Ideth is nota square, thenhis notslice.
->

connection:If (CS3 with deth to and X is

a 4-manifold with 0X=[z1s?), then

IdetL =(Hi([e)s?,4)1 =IdetQx



Now suppose Y=[152) for some alternating
Link ( withdeto

Let I be a checkerboard surface for L.

If (is x-slice, thenthe lattice embedding

given above is cubiquitous.

There is a generalization of this tocases in which Lis
notalternating)

CityObstruction (Greere-Ovens):

Let be an alternating link and let I be a
checkerboard surface for L.

If Ia cubiquitous lattice embedding

(H2)2z(BY,F), Q22BY) -> (Y =I), n=rank(Hz)[z(B", F))

then [z(sic) does not bound a QB"

(and his not x-slice

Conjecture (Greene - Owens). The converse is true.

If Ia cubiquitous lattice embedding
(He)[z(B", F)), Q22)) -> (E", E), n =rank (H2)de(B", F())

then Ezs?) bounds a RBY



↳usand 2-bridge links.

A2Link (D..... c) is an alternating link of the

form
est if I is even

↑

A half-twists

ifkis odd
E

where (i=2 Fi.

Let=(-c-att
Et:22(5,((a, -(n)) =((p,q) (lens space)

-

Let=(amans-air atte
as...an

and = [b, ---, bm]:



LetB and W be thecheckerboard surfaces for ((c--(n)

then Qbiw) is represented by Gw /given by
-a,
+

-

- -

-

8 I
⑧

and Q2B) is represented by Gr (given by b, -bz bm)⑧- - - - 0

Moreover, Q2Byn) is negative definite and QB", B) is
positive definite.

Ex: ((3,2,2) =E

(3,2,2=3 +I E= =>[zS? (13,2,2)) =((17,5)

==4 -1 =[4,2,35
S

i = =2-1 =[2,2,4,25-
4-E

B
-> S# -

=>Intersection form of Zz(B"B) is representedby the
incidence matrixof ** -I

2

Lie, GulGoo

t->
=>Intersection form of Zz/B"w) is representedby the
incidence matrixof ⑧ (ie. G

-4 -2
-3



Lisca classified which lens spaces bound QB's

proof: Obstructall but8 infinite families of lens spaces from

bounding RB's by showing Iboth
lattice embeddings
(A2)[z(BY, w1), Gw) -> (Grank(H. (9 (BY,wK), -I)
(Hz)de)B", B1, GB) -> (IrankSHe(GIBBI), I).

theembeddings thatdo existgive rise
to standard subsets)

· Show thatthe remaining 8 infinite families bound
QB's by showing thattheassociated 2-bridge
Links are x-slice. D

As a consequence,

<(p,q) bounds a RB"=> ((c. --(n) is x-slice

Project:Is Greene-Owens' conjecture true for

2-bridge links?

It is known tobe true when [lai-3) CO.

What aboutwhen [lai-3) 20?

Phrased differently:which standard subsets with

I(s)=0 generatecubiquitous lattice embeddings?



Aringbraid closures

Abid is obtained by taking a parallel
strands and adding crossings

-

exter (3-braid)

the closure of a braid is a link:

----
-

Recall, a wheel link In is theclosure of the 3-braid

= & & -=u u·
- ·

-
H

If his even. In is notestine.

One can check thatdeth is nota square

or thatIan associated lattice embedding.
In particular Ezls, (n) doesn't bound a QB"



On HW you showed thatLand 15are xslice

and so [.IS? :) bounds RBYfor i=3,5.

It turns out that[IS?(n) bounds RBY F oddn,

butnotall In are x-slice (for nodd)
-

Moreover, theGreene- Owens conjective is

true for odd wheel links

-
Nation: Let = Ex for 1ci =n-1

braid
can'texpressed

as a word inthen any
⑦,-- Onri, --, On

Ex -- ---- - =(0,0)u
o 0

e-

-

n

Project:Let R be odd. Let Lu be theclosure of the

alternating K-braid given by (a,
... onzon)"

Explore the X-stiveness of Lun and

the Greere- Owens conjecture.


