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Let RCB be an oriented knot

A Éy fork is an oriented surface FCS w/ dF=k

The : Every knot has a Seifert surface

proof
idea:

> perform Add↳
"""

aura;

⇔Ere"
at each to disks ⇒ germs 1

crossing a ⇒ torus wl

to get unlink
<
' "

t original boundary
which bound disks crossings ☒

Given an oriented knot and a Seifert surface F for K ,

pick a collection of simple closed curves { b. , - -

, bag / on F- that
fans a basis for HLF;2) €-229 ( where g= genus of F)

Let U be the 2g ✗2g matrix whose
( isj )-th entry is lklaiiaj) , where Ej is a pushoff of aj off F inthe

positive -direction

Def: thedt is detck := detfvtvt )

Def : The sick is
.

olk)== ofVtvt) = #posevalues - #neg evolves

Note : All evacuees ofasymmetric matrix are red #s .
this is why we compute olV+Ñ and not old .
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Properties :
• olk) doesn't depend on For orientation on K
◦ otk =-01mW) (where Mlk) = mirror of K)

them : If R is slice
,
then olkto .

Eg : If pager > 0 or ptttqtt < 0 , then olplpiqr))-10 .



Given an oriented link L
,
we define 044 in the

same exact way . Note ,however, that if we charge
the orientation of one of the link components,
014 will charge ( so old depends on orientation

levine-Tristoms-igratucsletlc5.be
an oriented link

,
wee with llwlkl (w -1-1)

the w-# of [ is

owll) = olltwvt (1-5)Vt)

Where U B a Seifert matrix for L .

Note : • If w= -1 then 0+14--014
.

• ( 1-w)V + ltw) VT is a hermitian matrix (ie . TT =

Such matrices have#alves

Def : thew-nullity-flisth.LY
= null / 11- w)V+( 1-a)E) +# components of F) -1
↳(dimension of null space)

where F is a Seifert surface for L and V is its Seif. matrix



Ey : Trefoil revisited : f- [ 6 '

, ]
let wet be an nth root of unity .

then

d-w)V+( 1-WTVT = [ 2- lwtw) 1-w

1- I 2-(wto)
let w= at bi

,
w_ = a-bi

.

Note that a7ñ= I & a,b≤ I

4-w)V+ (tw) VT = [ 2-Za l - w

]1-5 2-Za

Eigenvalues : (2-Za -d)2- ( tw) (tw) = 0
42 - 212-2a)d + (2-Zap - / +wtw - 1=0

42 _ (4-4a) d + 4A -Ga+2

D= 4-4a±F4É
2

= 2-28*1=52-7 > 0

⇒ owlk) = 2 f w .

④ a= -1 (so 6=0 £ w=.-1 ), D= 4+-2 > 0 (same calculation
⇒ 0, (k) = 2 = olk) as previous

example)

NEY : NwlH= 0+1-1=0 f w .



Thing : If deth is not a perfect square, then < is not A-slice

Thm (Donald -Owns) :
Tet L be an oriented link with Nwhl -0 for some w .

If L bounds onncd surface with ✗ =\
,
then

owl4=0.

Note : this only obstructs L from bounding oriented
surfaces with ✗= 1 . Often we can do more .

Ex :L-712,2 ,2)
0-114=10 for each (cheek)
My 14=0 chosen orientation¥¥ so by turn, L doesn't bourdon
oriented surface

If L bonds a nonorientabk surfaceFwl ✗=L ,
then F-= Mobius u Mobius w Disk (check)

If we remove one of the Mobius bands,then we have a new
surface F- = Mobius u Disk bowled by (G)
Hopf link . But

,
we know Hopf link is not x-sore

since deth -1-0

⇒ L not ✗-slice


