
classification of Surfaces
and

Euler characteristic



n-dim, manifold:
Atopological space thatlocallylooks like IR

Defn:Atopological space 1" is called

n-dim-manifold if every pt.
has

a rbled which is amphic to IRP.
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smooth man,if every pt.
has

a rbled which is diffeomorphic to IRP.



Examples
① O-dim. mans:

X 50 =2D =2(q,-)
=3x,223

X e'

2 I-dim, man. Si
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3 2-dim. man. (surfaces)
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not a man.

(noteven a

topological space)

-...

-
come

⑧
nota manifold

-
(noteven a

topological space)



Q:How can we build

"interesting"examples of 3-man., 4-man.

Product Manifolds
M,N:topological spaces.
MxN =[(x,y) =x=M,yeN3

Examples:

①IR=IxR' xy)EIR

IR* =IMXIR
E

IR*



2 SxS=T2

D

Si

I

8

8 =
S

Prop:
If MY and NY are manifolds,

=>MxN is a (m=n)-dim. man.



③
T2xS =sxs'xS' 3-man.

S'x ..
- xS

'
=T* R-man.

e
n - many

Fact:S's'xs' neo IR3

④s'x 52

Fact:SIS IIRY
homeo

~



55x52 4-man.

6 S'xs ↳-ma.

Fact:x5meo IR"

sixsR

g' -X-
I



R:Can we classify man.?
Generalized Poincare Conj:

B

xg =x" S
h-e. homeo

4,(X) =1

Hn(x) =0 Fn>2

Smooth Poincare Conj

x= S" =x ffeoShomeo.

n 123 4 > 5

Smale
GP.C. easy easy

Perelman Freedman
↳-cobordism

know
S-p.ceasy easy easy??? depends on dine.

exotic homeo, but notdiffer



Xclosed, connected, oriented

n-dim. manifold.
closed: = compact and 2x =4

Up to homeomorphism

n =1
=71 topological man.

S =[*EIR:1x1 =13



n=2 =

9
=
ZE
--

S'xS' =T2 =2,

22 -v

↑

i

2 2 c.. -
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n =3:

Thm [Moishezon]

Every top. 3-man
admits

a unique smooth
str.

Poincare Conj. [Parelman]

-

↑3:closed, simply-conn. -> M
home.

So



n =4:

There are many simplycome
closed 4-man.

thatadmitinfly many
distinctsmooth stru

There is NO know G-man.

which admita unique smooth str.



How aboutif OXFD?

Manifolds with boundary:

Defr: An n-dim. manwith boundary
is a top- space which locally

looks like upper half-space in IR"

H= =[(x, - --,Xn) E(RY =xn>03

H1 < ⑧ > IR

&

HE
>



Az

Il'f, R
--- I

Defr:

he boundaryCM of a man. M is

the setof points which doesn'thave

any
nbhd homeo. IRP



=xamples:

& D2=[(x,y)EIR:xy2 < 13

CD2=[(xy)ER =x*y=13 =S'

&
2 I =[a,b]

⑧ ⑧

A b

2(I) =(a3r[b3



3 Mobius band

M8.
2/M) = S'

④Torus with one boy comp.

l i



5UnitBall

I* =IxIx - - - x I =B"
-
-times

n
=[(X,xe. - - -,xn)ER :x,+x+- .- +xn =13 =B*I

B=2 xR =x2= 13 =(- 1,1) =(0,1]

2B =E -13WE13 = So

B2 =[(x,y)GR =x,+x, 213 =D2

2B2 =[(x,,x2)EIR =x,
4x=23 =S



&3 =[(x,x,x3)fIR:x,+x2+y5123
x

-3
-

↑

Bcube

-- >

+------
↑

·Es2B3 =i----
2B =[(x,x,x3)EIR:x,+ x2+x32 =23

In general,
2B* ge-1

2B* =[(X), - - -xn)ER:x+..- +x =13ES
-



Stereographic Projection:
N

-
gn" intersects xn

=0 along an equator
Connect N to p by a line.

Thatline int. Exn=03 in exactly

one pointsay s(P)

S:S- N3 <IR homeomorphism.
one point

=>IRUW Spt3 I S compactification



a=
z

(0,0,1) =N
⑧

- IR3

X =D
<xz=y

3

x =x,L

S =S-IN3 <IR2 homeomorphism.



submanifolds:
Let X" be a D-MaR.

yocx" is a submanifold if

XpeY I nbhds VpCX and MpCY st.

· UpCVp

· (Mp,Vp) meo (IR, IR)

EX

< ③ > 1R Y*3P3 x
=R

P

A

........ y =((x,y,z3G(R =

y
=0,z=

-> X
=

IR3

e i



⑱xX
↓

t Up =Vp

M M

IR R

Ex:S'c +2x +2
+3p+3

Ex: +42gx
and < +YEg
e

T2 =s'xS'



Examples

①



e D2
....2 -

↓

E
=

-

WD2

2

3 T torus



-·---
-C
attach

↑- -2

11

......

cap
tot

2

D

2

=>D T



connected Sum:

xY*x =(X, - b1]w(X - b]
↑-disk

2D*=Sr
- 2

6, #S2 =(X, -D2](X-D]



④ Za

+2* T2

-(i) =

·



⑤Klein Botte

j
6 Cylinder:S'x(0,1)



⑦Mobius Band

which is a surface obtained

outof six C0,1) by

cutting, twisting and regluing.



⑧IRIP2:Real Projective Plane.

E 31Rp2 =spaceoflinesinare
Z

a

........!
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=wertxg-z/



Q:Whatare the following surfaces?
---=
-

①A - I I
.....=

⑰D
H. (T4 =<a,bi -

-

-Ex
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② g
T

-

-
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↓W ~5

2- 24

↳
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·
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b~3



D
-2GetC



Another Way:

!

,
⑧

·



③ a a cylinder
k

⑳v V KB x
=0

>

k

⑤ V a RIP2
x =1

77

⑥ a V MB X =0

some of these are not

embedded submanifolds of IRP



&
r

x =0

8 as
~ x =0

9

y =0



⑩ii)
X =1



orientable -"2-sided"

"has a back and front"



⑧
&

Ex:IRIP2 is NOTorientable.

Ex: RIP2* L L

EX: RIPis orientable.

EX:Cylinder, 5? T2, Z, ---
are all orientable.



Euler Characteristic

How to distinguish surfaces?
An integer invariant"of mans.

x(s) =x - E +F

y = =

vertices

E =
=# edges

F =
=Afaces



Examples:
b v

> ⑧

⑪ * f ad I
2

& > ·v
v

vertices:\u3

edges:99,b3

faces:(f3

=>X)+2) =1 -2+1
=0



↳
2 d ~b

~

va
Za 8-gon

c

dinb Zg 4g-gor

#vertices =1

#edge =4 -> bg

#faces =1

=>X(zz) =

1 - 4 +1 =

-2



Q:Euler characteristic of

↳
orientable surface?

Eg

#vertices=1

#edges
= 29

#faces =I

=>x(zg) =1 -2g +)
=2 -g



surface=(Udisks)WIV bands)

· vertice - disk (shrink)

· edge -> band- an elongated disk
2

"I= D

· face ->
disk

#vertices =0

##edges =

0X(y2) =1

#faces
= 1

·boundary components



For connected, orientable surfaces

vertices and faces edges

x(s) =# disks - #bands

Attaching a disk => x
+2

Attaching a band ->X-1



Example:

-C

r attach - D

11 2

I

#disks =2

#bands =2

# bdry comp.
=P

=>x(+4 =0 - 2 +2 =0



Ex:(Class Exercise)
-

p=
x(p) =2 - 1

+1 =1



x(s,#52) =x(s) +X(S2) -2

Example:
x(zz) =x(+2*

T2)

=x(+2) +x(+2) -2

=0 +0 - 2
=
- 2

x(g) =2-2g =
=
2

In general:
x(zg) =x(

+2)

=gx(+2) - (g-1).2
=

g.0 - 2(g - 1) =2 -2g



Thi:Awood, connected surface

compact +2x=4

is homes, to exactlyon of the following

non-orient:P, P=P*P---
#P

orientable:82 T2, T =In

Q: How do we distinguish these?

Q:Is Euler characteristic enough?
A :NO:We need orientability.



Thm:A compact, connected surface

is homeo. to exactlyone of

the following surfaces,

·P - (,Di) OR

· T- (,Di) OR

a s2-(,Di)
Q: How to distinguish these?

A:Euler characteristic is
NOTenough.

even with orientability.



---
-

EX= ....
C
X +2

-

v

/Ya ansypyja
5, b vi je B i

#vertices 2 I

#edges 3 2

#faces I 1

x(c) =x(+2)
=0

C,T2:compact, orientable,
connected

ButCntmeoT

f() =21+2=P


